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Abstract 

Important classes of null geodesies and hidden symmetries in the Sen black hole are 
investigated. First, we obtain the principal null geodesies and circular photon orbits. 
Then, an irreducible rank- two Killing tensor and a conformal Killing tensor are derived, 
which represent the hidden symmetries. Analyzing the properties of Killing tensors, we 
clarify why the Hamilton-Jacobi and wave equations are separable in this spacetime. We 
also investigate the gravitational capture of photons by the Sen black hole and compare 
the result with those by the various charged/rotating black holes and naked singularities 
in the Kerr-Newman family. For these black holes and naked singularities, we show 
the capture regions in a two dimensional impact parameter space (or equivalently the 
"shadows" observed at infinity) to form a variety of shapes such as the disk, circle, dot, 
arc, and their combinations. 



1 Introduction 



In four dimensional effective theories of a higher dimensional gravity theory, the gravity couples 
to other fundamental fields such as the dilaton and gauge fields in various manners. The 
coupling manner affects the physical prediction especially in a strong gravitational regime, 
e.g., associated by black holes. The Sen black hole solution [1] and Gibbons-Maeda black 
hole/brane solution [2] in a low-energy limit of the heterotic string theory have been known 
as analytic solutions, which couple to the dilaton and gauge fields. It is important to know 
how the coupling manner affects the physical consequence in strong gravitational phenomena 
to construct a physically plausible theory of quantum gravity. 

When one analyses the properties of black holes using geodesies, the separability and inte- 
grability of the geodesic equation are essential. Recently, much attention has been paid to the 
integrability of geodesic motion in four and higher dimensional black holes [3-6]. In general, 
it can happen that the number of conserved quantities of continuous isometrics, which are 
projections of the geodesic momentum on Killing vector fields, are insufficient to integrate the 
geodesic motion. For example, the Killing vectors representing the stationarity and axisymme- 
try in the Kerr black hole are insufficient for the full integration of geodesic equations. One 
additional integral, however, is known to be given by a rank-two Killing tensor [7]. Thus, the 
Killing tensor [8] as well as the Killing- Yano [9] tensor play an essential role and have been 
obtained in various black hole solutions [10-15]. Regarding the Sen black hole, however, it has 
not been known if such a Killing tensor exists, although the Hamilton- Jacobi and Klein-Gordon 
equations in this solution have been known to be separable [16] (both in the Einstein and string 
frames). In addition, important classes of null geodesies such as that of circular photon orbits 
or principal null geodesies have not been obtained for this solution. Therefore, it is interesting 
to obtain the Killing tensor, if any, and to know the properties of geodesies in the Sen black 
hole. In this paper, we are concerned to obtain them and to clarify the relation between the 
separability and symmetries. 

As an application of the analysis of geodesies, we consider the capture and scattering of 
photons both by the Sen black hole and Gibbons-Maeda spacetimes, where the latter can be 
regarded as a nonrotating limit of the former. Then, the results are compared with those by the 
Kerr-Newman class spacetimes including both black hole and naked singular solutions. This 
problem is interesting [17-19] because the capture region in an impact parameter space can be 
regarded as an apparent shape (shadow) [20-22] of the black hole to be observed at infinity. 
The shadows of black holes indeed can be utilized to obtain the physical information of strong 
gravity by a direct imaging [23-25]. 

This paper is organized as follows. In Sec. [2], we review the several black hole solutions 
analyzed in this paper such as the Sen, Gibbon-Maeda, and Kerr-Newman class solutions. In 
Sec. El we derive the geodesic equations in the Sen black hole and obtain the important classes 
of null geodesic. In Sec. HI we obtain the irreducible rank-two Killing tensor and investigate 
their properties which are related to the separability. In Sec. O we investigate the capture and 
scattering of photons by the Sen black hole and other charged/rotating black holes and naked 
singularities in the Kerr-Newman class. The final section is devoted to a summary. We use the 
geometric unit, in which c = G = 1, throughout this paper. 
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2 Sen black hole and other charged/rotating solutions 



A low-energy effective action of the heterotic string theory is given by 
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Here, is a dilaton, and F and H are the field strength of an electromagnetic and an axion 
fields, respectively. The line element of the Sen black hole [1] is given by 
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where 

A := - 2/ir + , S := + cos^ 6^ + 2/ir sinh^ /3 , 

A:= [r(r + 2/isinh/52) + a2]^- Aa^sin^^ . (3) 

Afj, and B^i, are the potentials of F and if, respectively. Constants /x, /9 and a are related to 
the physical mass M, f/(l)-charge Q, and angular momentum J by 

M = ^(1 + cosh 2/3) , Q = sinh^ 2/3 , J = ^ (1 + cosh 2/?) . (4) 
2 v2 2 

The regularity of the event horizon requires |</| < — Q'^/2. 

We will compare later the properties of the Sen black hole with those of various charged/rotating 
solutions such as the Gibbon-Maeda (GM) and Kerr- Newman (KN) class solutions. Thus, let us 
review these solutions and relations among them. The action of the Einstein-Maxwell-dilaton 
system is given by 

/emd = / d'xV^ [R - 2 (V0)' - e-2"*F2] . (5) 

lOTT J 

Again, and F^j, are the dilaton and U{1) gauge field, respectively, and a is their coupling 
constant. The GM and KN spacetimes are solutions in the system given by action ([5]). The 
Sen solution ([2]) without a rotation (J = 0) is reduced to the GM solution [2] which is the 
solution of action ([5]) with a = 1. It can be shown that the GM solution with < \Q\ < \/2M 
and \Q\ = V2M represent a black hole and a naked singularity, respectively. The Sen solution 
without the charge {Q = 0) is reduced to the Kerr solution. The KN spacetime is the solution 
of the Einstein-Maxwell theory, i.e., the system given by action with a = and = 0. The 
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Figure 1: Part (a) shows the relation among the Sen, Gibbons-Maeda (GM), and Kerr solutions, and the boundaries 
separating the solutions into black hole solutions and naked singular solutions. The curve denoted by extreme 
corresponds to the extreme black hole, while the small semicircle at Q = \f2M corresponds to a naked singularity. 
Part (b) represents the relation among the Kerr-Newman (KN), Reissner-Nordstrom (RN), and Kerr solutions, and 
the boundaries separating the solutions into black hole solutions and naked singular solutions. 



line element of the KN solution is given by 
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where 



A:= {r^ + a^Y-AKNa'sin^e. 
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(7) 



Again, the parameters M, Q, and a are the mass, electric charge and specific angular momen- 
tum, respectively. The physical angular momentum of the spacetime is given by J := Ma. The 
KN solution is reduced to the Reissner-Nordstrom (RN) solution and to Kerr solution in the 
neutral {Q = 0) and nonrotating (J = 0) limits, respectively. 

In the rest of this paper, we denote the physical charges of KN, RN, and GM spacetimes 
by corresponding subscripts as Mkn, Mj^^, and Mqm- Quantities for the Sen solution are 
denoted without a subscript. The horizon regularity conditions in terms of charge and angular 
momentum for these solutions [26] are summarized in Fig. [H 
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3 Null geodesies 



3.1 Geodesic equations 

The Hamilton-Jacobi equation for geodesic motion in the Sen black hole is written as 

f)Q 1 

--g^ = H = -g^^d.Sd.S , (8) 

where S is the Hamilton principal function, H is the Hamiltonian, and A is the afiine parameter. 
We can separate variables by 

S = ]^m'\-Et + L, + Sr{r)+Se{e) , (9) 

where 5*^ and Se are functions of r and 6', respectively. The constants m, E and are the 
particle's mass, energy and angular momentum with respect to the rotation axis, respectively. 
The E and are conserved due to the existence of Killing vector fields dt and 9<^, respectively. 
The r- and 6'-dependent parts of the separated Hamilton-Jacobi equation [16] are 
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where is a separation constant. 

Differentiating 5* with respect to K, m?, E, and Lz, we have the following formal solutions 
in integral forms: 
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dr 
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where we have defined 



R:= [ [r(r + Tq) + a^] E - aL^Y - A [{L^ - aEf + mV(r + Tq) + Q] , 

e := Q - [a^ [m^ - E^) + LI csc^ 9] cos^ 9 . (12) 

Here, the sign functions, 0",. = ± and ag = ±, are independent of each other and the sign 
changes at turning points of geodesic motion. The new parameter ro is defined by ro := Q'^/M. 
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We have also introduced a new constant of motion Q defined by Q := Ji — (L^ — EaY and will 
use this hereafter for the constant K. This constant Q corresponds to the Carter constant in 
the Kerr solution. 

It is also convenient to write Eq. (fTTj) in the following first-order forms: 

/n 

S^ = ^(A^-2MraL,) , 

= ^[2MarE + L^csc2^(S-2Mr)] . (13) 

Introducing new quantities by 

^=^, -,:=;^, fi:=;^, e:=;|, X:=AE, (14) 

the energy E can be eliminated from the system. Then, the null geodesic (m = 0) is parametrized 
only by (^,77) [27]. In terms of the parameters introduced above, Eq. ( fT2l) is rewritten as 

R = [r(r + ro) + a2-ae]'-A[r/+(a-0'] , 
e = r] + {a-0^ -{asinO -^cscO)^ 

= J - (asine-^csc^)2 , (15) 

where 

a(e,r/):=r/ + (a-0'. (16) 
Since R and G are non-negative from Eq. (fTTj) . the pair of (^,?7) satisfies J(^,?7) > 0. 



3.2 Principal null geodesies 

We consider the null geodesies along the 6 = 60 = constant plane. For such a photon motion, 
the set of parameters (^, 77) can be related to each other by 

6(^0) = , deQ |e„= . (17) 

Solving these equations while excluding trivial solutions, 6*0 = 0, 6q = vr, and ^0 = 7r/2, the set 
of parameters can be obtained as 

Grin = asin^6'o , ?7pHn = -a^cos'^6'0 . (18) 

For later convenience, we note that instead of Eq. (fTTll . one can use the equation J(^, 77) = to 
derive Eq. (fT8|) : since 6 is non-negative, 'J{^,ri) = requires 6 = 0, and so Eq. (ITSl) is derived. 
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It is also noted that we have i? = > if we substitute Eq. (|T8|) into Eq. ( |T5i) . This tells 
us that if the set (^,77) satisfies J(^,?7) = 0, the geodesic parametrized by (^,?7) has no turning 
point, and so must either approach the singularity or escape to the infinity. 

The solution of Eq. (fT3|) for the set of parameters (^prin, %rin) is the special null geodesic, 
i.e., the principal null geodesic, of which tangent vectors are given by 

lid^ ■= ^ { [r(r + ro) + a^] dt ± + ad^] . (19) 



We can see that a congruence generated by Ij^ is the nondegenerate principal null congruence 

l±l±l±[eC ^]utj[5l±-i] = , (20) 



since l'^ satisfies 



where C^^^^s is the Weyl tensor. 

Now let us see the properties of l'^, which are called the principal null vectors. We consider 
the Kinnersley tetrad [28] {l'^,n^,m^,rh^), which are given by Eq. f|T9|) and 

n'^d^ := ^ { [r(r + tq) + a^] dt - A9, + ad^} , 



\/2 ^Jr{r + ro) + ia cos 9 
These vectors satisfy the following orthonormal conditions: 



ia^inOdt + de + ic's.cOd^) . (21) 



l%n^ = 1 , m^m^ = -1 . (22) 

In addition, if we introduce the spin coefficients in the standard conventions of Newman-Penrose 
formalism [29], 

k:=- (V^/+,) m^'ll , a:=- (V^/+,) , 

V := (V^/+,) rrfl'i , A := (V^/+.) , (23) 

one can show that these quantities vanish, and therefore that Ij^ and n'^ generate shear-free 
geodesic congruences [30] just like in the Kerr solution. Thus, we can say that, if the set of 
parameters (£,''7) satisfies J(^,?7) = 0, the geodesic is the nondegenerate shear-free principal 
null geodesic^. These principal null geodesies will be used to investigate the symmetries of the 
spacetime in Sec. HI 



3.3 Circular photon orbits 

In order to know the properties of radial motion, we analyze the function R in Eq. (IT^ . A 
circular photon orbit at constant radius r = Tdrc satisfies the following conditions, 

^(rcirc) = , drk \r^,^ = . (24) 

^It is noted that the Goldberg-Sachs theorem [31] cannot be apphed to determine the algebraical properties 
of the Sen black hole since this solution is not a vacuum solution. 
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First, we consider the nonrotating case (J = 0), where the Sen solution is reduced to the 
GM solution. Solving Eq. ( l24l) . the radius of the circular photon orbit is given by 



^ |3(2M - ro) + [(2M - ro)(18M - ro)] 



1/2 



(25) 



This circular photon orbit exists for tq < 2M, i.e., Q < \plM^ which means that the naked 
singularity in the GM solution has no circular photon orbit. Such a feature of GM solution is 
different from that of RN solution in that the naked singularity in the RN solution can have 
a circular photon orbit. One can also find that the circular photon orbits in the GM solution 
are unstable by calculating the second derivative of R. The existence and stability of circular 
photon orbits in the GM and RN solutions are summarized in Table. [H 

For the nonrotating case (J 7^ 0), we solve a quadratic equation for Eq. (12^ . of which 
discriminant is given by D = (2r + ro)^(2r — 2M + ro)^A^. One set of solutions of Eq. ([2 



IS 



r(r + ro) + 



(26) 



We can find, however, that this set of solutions is irrelevant as follows. One can show that this 



pair of parameters (^,?7) satisfies J(^,?7) = 0. As we saw in Sec. 13. 2[ this implies i? > 0, which 
is inconsistent with our condition Eq. (!24l) . Thus, the set of parameters for a circular photon 
orbit, we denote it by (Ccirc, ^/circ), is given by the other solution of Eq. ( l24l) . 

^circ = 777^ ^ [2M {r\,^ - 0?) - (2reirc + ro) A] , 



a(2r,irc + ro - 2M) 



a2(2rcirc + ro-2M) 



8a2M(2rcirc + ro) 



[(rcirc + ro - 2M)(2r,irc + ro) - 2Mr,i,,]' } . (27) 



By calculating d^R \r^^^^ and paying attention to D 7^ 0, one can show that the unstable circular 
photon orbit r = r^m exists for 



< - 



circ 

ro 



M-M, 



ro 







Table 1: The regularity of spacetimes, stability of circular photon orbits, and shapes of the capture region (discussed 
in Sec. [5|) for the GM and RN solutions. 
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Naked singularity 
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Disk 


Dot 


RN 


Regularity 


Black hole 


Naked singularity 


Outer circular photon orbit 


Unstable 


Marginal 




Capture region 


Disk 
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Dot 
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where represents the location of the outer (inner) horizon. It should be noted that 

inequalities — ro/2 < M — Mq — ro/2 < r_ < hold when the regular horizon condition 
I J| < — (5^/2 is satisfied. These features of circular photon orbits will be used in Sec. [5l 



4 Hidden symmetries 

4.1 Killing and conformal Killing tensors 

From Eq. ffTOl) and the relation of K = K^^p^p^ [p^ is the four momentum of particle) we can 
find the following rank-two Killing tensor 

K^"" = 5^6'^ + esc" ^5^5^ - 2aSl^St^ + a" sin^ Q {b^^b\ - cot^ Qg^'') , (29) 

which satisfies V(Ai^/ii/) = and K^y = K(^u)- This Killing tensor K^'^ is independent of the 
linear combination of the symmetric outer product of Killing vectors dt and d^p, and of the 
metric tensor. Therefore, K'^" is irreducible. Using the Kinnersley tetrad, of which explicit 
expressions were given in Sec. 13. 2[ Eq. (129|) can be rewritten as 

= 2S/+(^n^) + r(r + ro)gf,y 

= 2 [a^ cos^ Ol+(^^n,,) + r{r + ro)m(^m^)] . (30) 
One can show that the two-rank tensor given by 

Q^u := 2S/+(^n,,) (31) 
is the conformal Killing tensor, satisfying V [^Q^x) = Qi^iuQx) and = Q{^v). Here, 

Q,--=\{'^V,Q\ + V,Q'J) . (32) 

For the momentum of a null geodesic p^, it is known that the quantity Q^uP'^P'^ is conserved. 
The conformal Killing tensor is related to the Killing tensor by 

where V = [8]. 

We have seen that the Sen solution admits the irreducible Killing tensor and conformal 
Killing tensor. A comment is added here. In four dimensions, it is well known that any vacuum 
spacetime without an acceleration which is of type-D in the Petrov classification has a Killing 
tensor [32-34]. The Sen solution, however, is not algebraically special and is of type-I in the 
Petrov classification [30], and not vacuum solution. Therefore, the existence of a Killing tensor 
has not been trivial. 
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4.2 Separability structure 

We consider the origin of the separabihty of the Hamilton- Jacobi equation. Since a metric 
tensor g^^ satisfies V (^\g^y) = 0, the metric tensor is a Kilhng tensor. We can show that this 
trivial Killing tensor g^j^^, and the irreducible Killing tensor Kfj_iy mutually commute under the 
Schouten-Nijenhuis bracket [35], 

[K^., g^.]s ■■= K^^^V'g.x) - g.^^N^K,^) = • (34) 
The Killing tensors {K^y^g^y) and Killing vectors {dt,d^) satisfy 

£^t9^lv = , £^^9^lv = , [dt, d^] = . (35) 

Now, we show the existence of two independent simultaneous eigenvectors of the Killing 
tensors K^^, and gfj^^. One can show that the dr and de are the eigenvectors of K^i,, 

K^,{der = r{r + ro){de)u- (36) 

The Killing tensor g^j^i, can be written as g^i, = —2 (/+(^n,y) — m^pfh^)). Therefore, dr and de are 
also the eigenvectors oi g^^. Thus, dr and de are the two independent simultaneous eigenvectors 
of the Killing tensors K^y and g^y. In addition, it is obvious that the eigenvectors are mutually 
orthogonal, and the eigenvectors and the Killing vectors are mutually orthogonal. It is known 
that the above properties of the Killing tensors and Killing vectors guarantee the separation 
of variables in the Hamilton- Jacobi equation, which is called the separable structure [36-38]. 
As a consequence of the separability of the Hamilton- Jacobi equation, the additional conserved 
quantity K is given, which mutually commutes with the Hamiltonian H under the Poisson 
bracket. It means that we have four Poisson commuting functions if, L^, and K. Thus, the 
system is completely integrable in the Liouville way as we saw in Eq. f llip . Furthermore, one 
can show that the electromagnetic field F satisfies the following relation: 

K,i.F\^ = . (37) 

This relation implies that the geodesic equation for a charged particle is also integrable [39]. 

We now present a relation between the principal null vectors and Killing vector. We can 
write the covariant derivative of Killing vector dt as 

^ /o\ an-, 2mcos^ (1 — 9^) _ . ^, 

yi,[dt)u = dr\fl+[^,ny] m[^m^] , (38) 

where 3^ := — g ^u{.dtY {dtY ■ Thus, it is found that the principal null vector l'^ is the eigenvector 

of V^{dt)y, 

^,{dt)J^ = \dr'^l±u . (39) 

It has been known that such a relation as Eq. ( l39l) plays an important role in the analysis of 
extended objects such as a string in the spacetime [40]. A similar result holds for the principal 
null vectors in the KN solution (e.g., see Ref. [40]). 
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5 Gravitational capture of photons 

As an application of the analysis of null geodesies, we investigate the capture and scattering 
of photons by the Sen black hole and compare the result with those of other charged/rotating 
black holes and naked singularities described by the KN class solutions. 

We take into account all photons launched from the infinity toward the black hole (or naked 
singularity) and examine which photons are captured or scattered away. In order to consider 
this problem, we have to introduce appropriate impact parameters. First, let us consider the 
tetrad components of photon's four momentum {p^^\ p^^\ p^^\ p^'-'^^^ with respect to a locally 
nonrotating reference frame [41]. Using this tetrad, the set of impact parameters are defined 



Here, the photon is assumed to be parametrized by (^,77), which are conserved quantities, and 
to be initially located at the infinity with a polar angle 6 = i. Since the Sen black hole has 
the axisymmetry, the initial value of ip can be fixed arbitrarily. Letting the parameters (^, rj) 
take all possible values [satisfying !J(^,?7) > 0] with a fixed i, the capture region is given in the 
impact parameter space {b^, by) for the given i. It should be stressed that the capture region 
can be regarded also as the apparent shape (or the shadow) of the black hole/naked singularity, 
which is defined as the region in the impact parameter space not illuminated by the photon 
sources [22,34]. 



5.1 Nonrotating case 

We first consider the nonrotating case (J = 0), in which the Sen solution is reduced to the 
GM solution. Because of the spherical symmetry, we can set the initial value of the polar angle 
to z = 7r/2 without loss of generality. Characteristic examples of the capture regions for the 
GM black hole and naked singularities are presented in Fig. [2J In addition, we compare the 
capture regions between the GM and KN solutions of the same extremality in Fig. [31 In the 
nonrotating cases containing the KN solutions, we find that the shapes of the capture region 
can be classified into three types: a disk, a dot, and a circle with a dot. The type of the 
capture region for a given charge in the cases of the GM and RN solutions are summarized in 
Table [H The existence of the unstable circular photon orbits, principal null congruence, and 
event horizon play important roles to determine the capture region. In the following, we will 
explain how the shape of the capture region is determined by these characteristic null rays. 
The readers who are interested only in the result can skip to Sec. 15. 2[ 

We can rewrite geodesic Eq. f|T3|) in the radial direction in a potential form. 



by [17,19] 



bx{^,V,i) 




—^csci , 




(40) 





(41) 
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(a) Qgm/Mgm = (BH) (b) Qgm/Mgm = - 10"^ (BH) (c) Qgm/Mgm > (NS) 

Figure 2: Parts (a) and (b) show the capture regions in the impact parameter space (6^, by) for the GIVl black holes 
(BHs). Part (c) shows that for the GM naked singularity (NS). The unit of the coordinates is the mass A/qm in all 
cases. In the cases of black hole, (a) and (b), the photons are captured both by the circular photon orbit and event 
horizon to form the disks in the impact parameter space, while in the naked singularity case, (c), only the principal 
null geodesic is captured to form the dot. 




3v^/4 (BH) 



6 
4 
2 

-a" 
-2 
-4 
-6 




-2 



(b) Qrn/Mrn = 3v^/4 (NS) 



Figure 3: Part (a) shows the capture region by the GM black hole. Part (b) shows the capture region by the 
RN naked singularity with the same extremality as the GM in (a). The unit of the coordinates is the mass Mgm 
and A/rn. respectively. In the case of (a), the capture region forms the disk. While in the case of (b), the capture 
"region" is just the one-dimensional circle with the dot. This difference stems from the (non-)existence of the event 
horizon (see also Table. [T]). 



It is straightforward to write down the null geodesic equation in the radial direction also for 
the RN solution in the form of Eq. fj^Tl) . The explicit expressions of potential for the GM and 
RN solutions are 

Vcuir) = -r [r{r + tq)^ - (r - 2Mgm + ro) {v + C^)] , 

VMr) = -r' + [Qrn + r{r - 2Mrn)] {v + ■ (42) 

When we fix the spacetime parameters (mass and charge in this case), the potential depends on 
the set of parameters of particle, {C,, rj). We show some schematic pictures of potential in Fig. HI 
in each of which the potentials for several sets of (,^, rf) are plotted: Fig. |l](a) corresponds to 
the potentials in the GM black hole of which the capture region is given in Fig. [2](a); Fig. 111(b) 
corresponds to the potentials in the GM naked singularity of which the capture region is given 
in Fig. El^c); and Fig. Hl^c) corresponds to the potentials in the RN naked singularity of which 
the capture region is given in Fig. [3]^b). 
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r r r 

(a) gcM/McM = (BH) (b) Q^^jM^^ = ^2 (NS) (c) Qkn/Mrn = 3^2/4 (NS) 

Figure 4: Potentials for the GM black hole, (a), those for the GM naked singularity, (b), and those for the RN 
naked singularity, (c). See Figs. [SJa), [2jc), and[3jb) for the corresponding shadows, respectively, (a) The solid curve 
represents the potential for the unstable circular photon orbit, which forms the boundary of the shadow. The dotted 
curve represents the potential for the null geodesic forming the inner region of shadow. The dashed curve represents 
the potential for the null geodesic scattered away, which has a turning point outside the event horizon (normalized 
to being located at r = 2). (b) The dotted curve represents the potential for the principal null geodesic, which forms 
the dot in the shadow. While the potential for the null geodesic which is scattered away is plotted by the dashed 
curve, (c) The dotted (solid) curve represents the potential for the principal null geodesic (marginally stable circular 
photon orbit), which forms the dot (circle) in the shadow. The dashed (dot-dashed) curve represents the potential 
for the null geodesic corresponding to the outer (inner) region of the circle in the shadow. 



In the case where both the event horizon and circular photon orbit exist [e.g., see Figs. EJ^a) 
and 111(a)], the boundary of shadow is formed by the null geodesies which twine around the 
unstable circular photon orbit. On the other hand, the inner region of shadow is formed by the 
null geodesies which are captured and fall into the event horizon. In Fig. Hl^a), the potentials for 
these null geodesies and that for the null geodesic which is scattered away are plotted. Now, we 
briefly describe how to draw the shadow using the results obtained in the previous sections. We 
obtained the radius of unstable circular photon orbit rcirc in Eq. fl25p . therefore we can know the 
corresponding conserved quantities (^drc, ''7circ) from Eq. (^^. Then, using the relation between 
impact parameters (bx,by) and (^,77) in Eq. (140!) . we can plot the boundary of shadow in the 
impact parameter space {bx,by). Taking into account the null geodesies captured by the event 
horizons, we finally obtain the shadow as the disk as Fig. [2]^a). 



When neither the event horizon nor unstable circular photon orbit exist [e.g., see Figs. [2](c) 
and 111(b)], the null geodesic with any set of conserved quantities has a turning point and 

is not captured except the principal null geodesic, which inevitably plunges into the singularity. 
Since we know (Cprm, '7prm) = (0,0) for the nonrotating case from Eq. f|T8|) . we have {bx,by) = 
(0, 0) for the principal null geodesic from Eq. fj^Oj) . Thus, the capture region in the GM naked 
singularity is the dot as Fig. [2](c). From another point of view, this means that the capture 
cross section of photons by the GM naked singularity vanishes. 

When the unstable (or a marginally stable) circular photon orbit exists but the event horizon 
does not [e.g., see Figs.[3](b) and|l](c)], the captured null geodesies are only the unstable circular 
photon orbit and ingoing principal null geodesic. Thus, the capture region is the circle with 
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(a) Q/M = (BH) 



(b) Q/M = V3/2 (BH) 



(c) Q/M = 1 (BH) 



Figure 5: Comparison of the shapes of the capture region among various charges for the Sen black hole. The 
angular momentum and inclination angle are common for all cases, J/AP = 1/2 and i = it/2. The unit of the 
coordinates is the mass M. One sees that the capture region deviates from a round disk as the charge increases. 




-6-4 -2 0246 -6-4 -2 0246 

b, b. 



(a) Sen (BH) (b) KN (NS) 

Figure 6: Comparison of the shapes of the capture region between the Sen black hole, (a), and the Kerr-Newman 
naked singularity, (b), with the common parameters Q/AI = QknA^kn = 1, J/AP = Jkn/^^kn ~ 1/2. 3rid 
i = 7r/6. The capture region in (a) is a deformed disk. While the capture region in (b) is an arc with a small 
deformed disk. The arc part is formed by the circular photon orbits located at r > 0, while the boundary of the small 
deformed disk is formed by the unstable circular photon orbits located at r < 0. 

the dot as Fig. [31 The circle is formed by the unstable circular photon orbits, while the null 
geodesies corresponding to the inner or outer region of circle has the turning point to go back 
to the infinity except for the principal null geodesic, which forms the dot in the center. We find 
such situation that a circular photon orbit exists but the event horizon does not occur in the 
GM solution, while the naked singular RN solution (see Table. [1]) allows this situation. It is 
noted that the capture region of the RN spacetimes in black hole cases was obtained in [18,21]. 



5.2 Rotating case 

In the rotating case (J ^ 0), the mechanism of the capture and scattering of photons can 
be understood by the behaviors of potential in a similar manner to the nonrotating case. In 
this case, however, we have a variety of shapes of shadow in addition to those obtained in the 
nonrotating case. 
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Some examples of the capture region in the Sen black holes with rotation are shown in 
Fig. [5l Since the conserved quantities of the unstable circular photon orbit, (^drc, ''7circ), were 
given in Eq. (!27|) . the set of impact parameters {bx,by) for the circular photon orbit can be 
obtained by substituting Eq. (127|) into Eq. (HOl) . Again, the boundary of shadow is formed by 
the unstable circular photons orbits, while the inner region of shadow is formed by the photons 
captured by the event horizon. As a result, the capture region in the Sen black holes with 
rotation is the deformed disk. 

Finally, we illustrate that the Sen and KN solutions having a same extremality can have 
completely different shapes of shadow as Fig. [61 In the Sen case the spacetime is a black hole 
and the shadow is the deformed disk as Fig. M^Si), while in the KN case the spacetime is a naked 
singularity and the shadow is an arc with a deformed disk as Fig. [6](b). To understand the 
latter naked singularity case, we should carefully pay attention to the global structure of the 
spacetime since the maximally extended spacetime has the negative r region where there exists 
an unstable circular photon orbit. The arc is formed by the unstable circular orbits located at 
r > [22], while the boundary of the deformed disk (i.e., the deformed circle) is formed by the 
unstable circular photon orbits located at r < 0. Although no event horizon exists, the null 
rays corresponding to the inner region of the deformed circle cannot go back to the positive r 
region. Thus, the shadow is the arc with the deformed disk. 

6 Summary 

We have investigated the null geodesies, the principal null geodesies, and circular photon orbits, 
in the Sen black hole and also the hidden symmetries which are closely related to the separabil- 
ity. As the application of the analysis of null geodesies, we have investigated the gravitational 
capture of photons by the Sen black hole and other charged/rotating black holes and naked 
singularities in the Kerr-Newman class. 

More specifically, we may summarize our results as follows. We obtained the irreducible 
Killing tensor Eq. fl2^ and conformal Killing tensor Eq. flHT]) in the Sen black hole. Then, 
we showed that the Killing tensors in the Sen black hole have the separable structure by 
Eqs. (IMI) . (1351) . and (!36l) . which guarantee the separability of variables. By this observation, 
it became clear why the separability of variables is possible in the Hamilton- Jacobi/Klein- 
Gordon equations. We also obtained the principal null geodesies and circular photon orbits. In 
addition, we found that the principal null vectors, Eq. (IT^ . are the eigenvectors of the covariant 
derivative of the Killing vector by Eq. fl39l) . which plays an important role to analyze the 
extended (test) objects such as a string. We investigated the capture and scattering of photons 
by the charged/rotating black holes and naked singularities, described by the Sen and Kerr- 
Newman solutions, and presented several examples which tell us the characteristic differences 
of the capture region due to the spacetime structures. The shapes of the capture region were 
classified into the several types such as the disk, circle, dot, arc, and their combinations. As an 
example of the difference between the GM and RN solutions, the naked singularity in the GM 
solution (as the nonrotating limit of the Sen solution) forms the dot in the impact parameter 
space. Fig. [21(c), while the naked singularity in the RN solution forms the circle and dot. 
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Fig. [3]^b). It would be interesting to investigate the shadows of naked singularities more in 
detail from the viewpoint of a connection between astrophysical observations and the cosmic 
censorship hypothesis [42]. 

It might be said that the studies of hidden symmetries and separability in four or higher 
dimensional black holes had been restricted to vacuum solutions. Thus, it is important to 
generalize such analyses to black holes with charges, as done in this paper. In this paper, we 
did not consider the naked singular case in the Sen solution since the global structure of the 
over-extreme Sen solution has not been known. To know the global structures and shadows in 
this case would help us to know the rich properties of black holes/naked singularities with the 
rotation and charges. 
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